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Up to now, all the works about constructing quantum logic gates, an essential part in quantum
computing, are focused on operating on one degree of freedom (DOF) of quantum systems. Here,
we investigate the possibility to achieve a scalable photonic quantum computing based on two
DOFs of quantum systems and construct a deterministic hyper-controlled-not (hyper-CNOT) gate
operating on both spatial-mode and polarization DOFs of a photon pair simultaneously, by using
the giant optical Faraday rotation induced by a single-electron spin in a quantum dot inside a
one-side optical microcavity as a result of cavity quantum electrodynamics. With this hyper-CNOT
gate and linear optical elements, two-photon four-qubit cluster entangled states can be prepared
and analyzed, which gives an application to manipulate more information with less resources. We
analyze the experimental feasibility of this hyper-CNOT gate and show that it can be implemented
with current technology.
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I. Introduction
Quantum mechanics theory, the core of quantum in-
formation, can largely improve the power of dealing and
transmitting information. Quantum computing [1] is re-
quired for the precise control and manipulation of the
states of quantum systems in quantum information pro-
cess. It is proven that two-qubit controlled-not (CNOT)
gates (or the equivalent two-qubit quantum gates) as-
sisted by single-qubit gates are sufficient for universal
quantum computing, so it is important to construct a
two-qubit CNOT gate. By far, many works have been
done on constructing a two-qubit CNOT gate or its
equivalent in notably trapped ions [2], nuclear magnetic
spins [3], free electrons [4], and polarized photons [5–10].
The pioneering work by Knill, Laflamme, and Milburn
[5] showed that a photonic CNOT gate could be created
with the maximal success probability of 3/4, resorting
to only single-photon sources, detectors, and linear opti-
cal elements such as beam splitters. Since this original
work, there has been a significant progress [6–9] in con-
structing a CNOT gate with linear optics, which real-
izes probabilistically the nonlinear coupling between two
photons by using interference, at least two ancilla pho-
tons, single-photon detectors, and conditioning. With
nonlinear optics, a deterministic CNOT gate can also
be constructed. In 2004, Nemoto and Munro [10] con-
structed a near deterministic CNOT gate using several
single photon sources, linear-optical elements, photon
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number resolving quantum nondemolition detectors, and
feed-forward. The key element of the CNOT gate in their
proposal is the quantum nondemolition detector (QND)
based on cross-Kerr nonlinearity.
Although there are many valuable works on construct-
ing quantum logical gates, especially CNOT gates, they
are all focused on operating on one degree of freedom
(DOF) of quantum systems. There are, by far, no quan-
tum entangling gates operating on more than one DOF
of quantum systems. In fact, there are many advantages
for dealing with quantum information process in a larger
Hilbert space, especially for its robustness against noise
[11] and the high channel capacity. High-dimensional en-
tanglement has been realized in multipartite [12, 13] and
multidimensional [14, 15] quantum systems. Although a
universal quantum computing can be realized with two-
qubit CNOT gates and single-qubit operations, it will be
convenient to have multi-qubit quantum logic gates in
quantum computation. In 2006, Fiura´sˇek [16] proposed
some schemes for the probabilistic direct realization of
the fundamental Toffoli and Fredkin gates with linear op-
tics, and he presented a scheme for linear optical quan-
tum Fredkin gate based on the combination of experi-
mentally demonstrated linear optical partial-SWAP gate
and controlled-Z gates in 2008 [17]. Gong et al [18] also
discussed the realization of a quantum Fredkin gate by
using CNOT gates with only linear optics and single pho-
tons. The large Hilbert space with more than one DOF
has also been discussed in some applications in quantum
communication in the past few years [19–24], especially
for hyperentanglement which is defined as quantum sys-
tems entangled in more than one DOF. Besides the task
in which hyperentanglement is used to assist quantum
information processing in one DOF, the complete ana-
2lyzer for hyperentangled Bell states has also been con-
structed [25] with cross-kerr nonlinearity to increase the
channel capacity of long-distance quantum communica-
tion in more than one DOF.
In this Letter, we investigate the possibility of achiev-
ing scalable photonic quantum computing based on two
DOFs of quantum systems, which is different from all
the existing works about constructing quantum logic
gates operating on one DOF of quantum systems. We
construct a deterministic hyper-controlled-not (hyper-
CNOT) gate which is used to perform a CNOT gate
on both the spatial-mode and the polarization DOFs
of a two-photon system simultaneously, assisted by two
quantum dots embodied in one-side optical microcavi-
ties (QD-cavity). Exploiting the giant optical Faraday
rotation of the left-circularly and the right-circularly po-
larized photons induced by a single-electron spin in a
QD-cavity system, we construct a four-qubit controlled-
Z (CZ) gate by using the two electron spins as the con-
trol qubits and the polarization and the spatial mode
of a photon as the two target qubits, respectively. Af-
ter the second photon interacts with the two QD-cavity
systems, the two electron spins are detected, and a de-
terministic hyper-CNOT gate could be constructed with
feed-forward single-qubit operations. As an application
of this hyper-CNOT gate, one can use it to prepare en-
tangled two-photon four-qubit cluster states easily and
analyze the 16 hyperentangled cluster states simply, re-
sorting to some linear optical elements. We analyze the
experimental feasibility of this hyper-CNOT gate, and
our result shows that it can be implemented with cur-
rent technology.
II. Construction of deterministic spatial-polarization
hyper-controlled-not gate
In 2008, Hu et al [26, 27] pointed out that the interac-
tion of left-circularly and right-circularly polarized pho-
tons with a QD-cavity system can be used in quantum
information process. With this optical property of QD-
cavity systems, multi-qubit entangler [26–28] and pho-
tonic polarization Bell-state analyzer [29, 30] can be con-
structed. In 2010, Bonato et al [30] constructed a CNOT
gate operating on hybrid quantum system composed of a
photon and an electron spin using the interface between
the photon and the electron spin in a double-sided QD-
cavity system in the weak coupling regime.
The QD-cavity system used in our proposal is con-
structed by a singly charged QD (e.g., a self-assembled
In(Ga)As QD or a GaAs interface QD) located in the
center of a one-side optical resonant cavity (the bottom
distributed Bragg reflectors is 100% reflective and the
top distributed Bragg reflectors is partially reflective) to
achieve the maximal light-matter coupling. According to
Pauli’s exclusion principle, a negatively charged exciton
(X−) consisted of two electrons bound to one hole [31]
can be optically excited when an excess electron is in-
jected into the QD. The optical resonance of X− with
circularly polarized photons depends on the excess elec-
tron spin in the QD [32], shown in Fig.1. For the excess
electron-spin state | ↑〉, the negatively charged exciton
| ↑↓⇑〉 with two electron spins antiparallel is created by
resonantly absorbing a left-circularly polarized photon
|L〉. Here | ⇑〉 describes the heavy-hole spin state |+ 3
2
〉.
For the excess electron spin | ↓〉, the other negatively
charged exciton | ↓↑⇓〉 can be created by resonantly ab-
sorbing a right-circularly polarized photon |R〉. Here | ⇓〉
describes the heavy-hole spin state | − 3
2
〉. This optical
process can be described by Heisenberg equations for the
cavity field operator aˆ and X− dipole operator σˆ− in the
interaction picture [33],
daˆ
dt
= −[i(ωc − ω) + κ
2
+
κs
2
] aˆ− g σˆ− −
√
κ aˆin,
dσˆ−
dt
= −[i(ωX− − ω) +
γ
2
] σˆ− − g σˆz aˆ,
aˆout = aˆin +
√
κ aˆ, (1)
where g represents the coupling strength between the cav-
ity mode and X−. κ/2 and κs/2 represent the decay rate
and the side leakage rate of the cavity field, respectively.
γ/2 represents the decay rate of X−. ωX− , ω, and ωc
represent the frequencies of the X− transition, the input
probe light, and the cavity mode, respectively.
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FIG. 1: The X− spin-dependent transitions with circu-
larly polarized photons. (a) A charged QD inside a one-side
micropillar microcavity interacting with circularly polarized
photons. (b) X− spin-dependent optical transition rules due
to the Pauli’s exclusion principle. L and R represent a left-
circularly and a right-circularly polarized photons, respec-
tively. ↑ and ↓ represent the spins of the excess electron.
↑↓⇑ and ↓↑⇓ represent negatively charged exciton X−.
If X− stays in the ground state at the most time (i.e.,
〈σz〉 = −1), the reflection coefficient of a QD-cavity sys-
tem for this weak excitation condition is [26]
r(ω) = 1− κ[i(ωX− − ω) +
γ
2
]
[i(ωX− − ω) + γ2 ][i(ωc − ω) + κ2 + κs2 ] + g2
.
(2)
In the condition g = 0, the QD is uncoupled to the cavity
(the cold cavity), and the reflection coefficient becomes
r0(ω) =
i(ωc − ω)− κ2 + κs2
i(ωc − ω) + κ2 + κs2
. (3)
3Now, the optical process based on the X− spin-
dependent transitions is obtained. For a light in the state
|L〉, a phase shift of ϕh is gotten for a hot cavity (the QD
is coupled to the cavity) with the excess electron spin in
the state | ↑〉, and a phase shift of ϕ0 is gotten for a
cold cavity with the excess electron spin in the state | ↓〉.
For a light in the state |R〉, a phase shift of ϕ0 is got-
ten for a cold cavity with the excess electron spin in the
state | ↑〉, and a phase shift of ϕh is gotten for a hot
cavity with the excess electron spin in the state | ↓〉. By
adjusting the frequencies of the light (ω) and the cavity
mode (ωc), the reflection coefficient can reach |r0(ω)| ∼= 1
and |rh(ω)| ∼= 1 when the cavity side leakage is negligi-
ble. If the linearly polarized probe beam in the state
1√
2
(|R〉+ |L〉) is put into a one-side QD-cavity system in
the superposition spin state 1√
2
(| ↑〉 + | ↓〉), the state of
system composed by the light and the electron spin after
reflection is
1
2
(|R〉+ |L〉)⊗ (| ↑〉+ | ↓〉)→ 1
2
eiϕ0 [(|R〉+ ei∆ϕ|L〉)
| ↑〉+ (ei∆ϕ|R〉+ |L〉)| ↓〉], (4)
where ∆ϕ = ϕh − ϕ0, ϕ0 = arg[r0(ω)], and ϕh =
arg[rh(ω)]. θ
↑
F = (ϕ0 − ϕh)/2 = −θ↓F is a Faraday rota-
tion angle. After reflection, the light and the spin become
entangled with the different phase shifts of |L〉 and |R〉
photons.
The principle of our deterministic spatial-polarization
hyper-CNOT gate for a two-photon system in two DOFs
with the optical property of one-side QD-cavity systems
is shown in Fig.2, which can be used to perform a CNOT
gate operation on both the spatial mode and the polariza-
tion DOFs of a two-photon system by flipping the spatial-
mode target qubit and the polarization target qubit if
the two control qubits are in the spatia mode |i2〉 and
in the polarization state |L〉, respectively. The QD1 and
QD2 are used to operate on the spatial-mode and the
polarization DOFs, respectively. By adjusting the fre-
quencies ω − ωc ≈ κ/2 to get the phase shifts of the left
and the right circularly polarized photons as ϕ0 = −pi/2
and ϕh = 0, the interaction of a single photon with a
QD-cavity system can be described as
|R, ↑〉 → −i|R, ↑〉, |L, ↑〉 → |L, ↑〉,
|R, ↓〉 → |R, ↓〉, |L, ↓〉 → −i|L, ↓〉. (5)
(1) Three-particle four-qubit hybrid controlled-Z gate
We assume the initial states of the excess electron spin
in QD1 and the photon a are
1√
2
(i| ↑〉 + | ↓〉)e1 and
|Φa〉0 ≡ (α1|R〉+α2|L〉)a⊗(γ1|a1〉+γ2|a2〉), respectively.
Here |a1〉 and |a2〉 represent the two spatial modes of the
photon a. After the photon a passes through the circular
polarizing beam splitter CPBS (CPBS1 and CPBS3) and
the half-wave plate HWP1 (X1 and X3), interacts with
the electron spin in QD1, and then passes through an-
other HWP1 (X2 and X4), CPBS (CPBS2 and CPBS4)
H
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FIG. 2: (Color online) Schematic diagram of our spatial-
polarization hyper-controlled-not gate operating on both the
spatial-mode and polarization degrees of freedom of a two-
photon system simultaneously. BS represents a 50:50 beam
splitter which is used to perform a Hadamard operation on
the spatial-mode states of a photon. CPBS represents a po-
larizing beam splitter in the circular basis, which transmits
the photon in the right-circular polarization |R〉 and reflects
the photon in the left-circular polarization |L〉, respectively.
Xj represents a half-wave plate (HWP1) which is used to per-
form a polarization bit-flip operation Xj = |R〉〈L| + |L〉〈R|
(j = 1, 2, ..., 8). Hk represents a half-wave plate (HWP2)
which is used to perform a polarization Hadamard operation
[|R〉 ↔ 1√
2
(|R〉+ |L〉) and |L〉 ↔ 1√
2
(|R〉−|L〉)](k = 1, 2, 3, 4).
U1m represents a wave plate (WP1) which is used to perform
a polarization phase-flip operation U1m = −i|R〉〈R| − i|L〉〈L|
to achieve the relative phase shift −i between the two spatial
modes of a photon (m = 2, 4). U2n represents a wave plate
(WP2) which is used to perform a polarization phase-flip op-
eration U2n = |R〉〈R| − i|L〉〈L| (n = 1, 2, 3, 4).
and the wave plate WP1 (U12) in Fig.2, the state of the
system composed of QD1 and the photon a is changed
from |Φae1〉0 to |Φae1〉1. Here
|Φae1〉0 = (α1|R〉+ α2|L〉)a ⊗ (γ1|a1〉+ γ2|a2〉)
⊗ 1√
2
(i| ↑〉+ | ↓〉)e1 ,
|Φae1〉1 =
1√
2
(α1|R〉+ α2|L〉)a ⊗ [| ↑〉e1(γ1|a1〉
+ γ2|a2〉) + | ↓〉e1(γ1|a1〉 − γ2|a2〉)]. (6)
This is the result of the controlled-Z gate constructed by
using the electron spin e1 as the control qubit and the
spatial modes of the photon a as the target qubit.
The initial state of QD2 in Fig.2 is prepared to be
1√
2
(i| ↑〉 + | ↓〉)e2 , and the frequencies of the input pho-
ton and the cavity mode are adjusted to be ω−ωc ≈ κ/2,
as the same as those for QD1. After the photon a inter-
acts with QD2 and passes through WP2 (U21 and U22)
as shown in Fig.2, the state of the complicated system
composed of QD1, QD2, and the photon a is changed
4from |Φae1e2〉1 to |Φae1e2〉2. Here
|Φae1e2〉1 = |Φae1〉1 ⊗
1√
2
(i| ↑〉+ | ↓〉)e2 ,
|Φae1e2〉2 =
1
2
[| ↑〉e2(α1|R〉+ α2|L〉)a + | ↓〉e2(α1|R〉
−α2|L〉)a]⊗ [| ↑〉e1(γ1|a1〉+ γ2|a2〉)
+| ↓〉e1(γ1|a1〉 − γ2|a2〉)]. (7)
This is the result of the three-particle four-qubit hybrid
controlled-Z gate constructed by using the two electron
spins as the control qubits and the polarization and the
spatial modes of the photon a as the two target qubits.
That is, when the spin of the electron e1 is in the state
| ↓〉e1 , the spatial mode |a2〉 of the photon a obtains a
phase shift pi, and when the spin of the electron e2 is in
the state | ↓〉e2 , the polarization mode |L〉 of the photon
a obtains a phase shift pi.
(2) Spatial-polarization hyper-CNOT gate
The second photon b is prepared initially in the state
|Φb〉0 = (β1|R〉 + β2|L〉)b ⊗ (δ1|b1〉 + δ2|b2〉). After
Hadamard operations are performed on both the spa-
tial mode and the polarization DOFs of the photon b
(by making the photon b pass through BS1, H1 and
H2), the state |Φb〉0 is changed to be |Φ′b〉0 ≡ (β′1|R〉 +
β′2|L〉)b ⊗ (δ′1|b1〉 + δ′2|b2〉). Here β′1 = 1√2 (β1 + β2),
β′2 =
1√
2
(β1−β2), δ′1 = 1√2 (δ1+δ2) and δ′2 =
1√
2
(δ1−δ2).
Then we perform unitary operations on the two electron
spins in QD1 and QD2, which transform the states | ↑〉
and | ↓〉 to 1√
2
(i| ↑〉 + | ↓〉) and 1√
2
(i| ↑〉 − | ↓〉), respec-
tively. Subsequently, we let the photon b pass through
CPBS (CPBS5 and CPBS7), HWP1 (X5 and X7), QD1,
HWP1 (X6 and X8), CPBS (CPBS6 and CPBS8), WP1
(U14), QD2 and WP2 (U23 and U24). After the interac-
tion between the photon b and the two QDs, the state of
system composed of QD1, QD2, and the photons a and
b is changed from |Ψs〉1 to |Ψs〉2. Here
|Ψs〉1 = |Φae1e2〉2 ⊗ (β′1|R〉+ β′2|L〉)b(δ′1|b1〉+ δ′2|b2〉),
|Ψs〉2 = [| ↑〉e1γ1|a1〉(δ′1|b1〉+ δ′2|b2〉) + | ↓〉e1γ2|a2〉
×(δ′1|b1〉 − δ′2|b2〉)]⊗ [| ↑〉e2α1|R〉a(β′1|R〉
+β′2|L〉)b + | ↓〉e2α2|L〉a(β′1|R〉 − β′2|L〉)b]. (8)
By performing Hadamard operations on the two electron
spins in QD1 and QD2 again after the photon b passes
throughWP2 (U23 and U24), the state of the complicated
system becomes
|Ψs〉3 = 1
2
{| ↑〉e1 [γ1|a1〉(δ′1|b1〉+ δ′2|b2〉) + γ2|a2〉(δ′1|b1〉
−δ′2|b2〉)] + | ↓〉e1 [γ1|a1〉(δ′1|b1〉+ δ′2|b2〉)
−γ2|a2〉(δ′1|b1〉 − δ′2|b2〉)]}
⊗{| ↑〉e2 [α1|R〉a(β′1|R〉+ β′2|L〉)b + α2|L〉a
(β′1|R〉 − β′2|L〉)b] + | ↓〉e2 [α1|R〉a(β′1|R〉
+β′2|L〉)b − α2|L〉a(β′1|R〉 − β′2|L〉)b]}. (9)
At last, we perform Hadamard operations on both the
spatial-mode (BS2) and the polarization (H3 and H4)
DOFs of the photon b, the state |Ψs〉3 is transformed
into
|Ψs〉4 = 1
2
{| ↑〉e1 [γ1|a1〉(δ1|b1〉+ δ2|b2〉) + γ2|a2〉(δ2|b1〉
+δ1|b2〉)] + | ↓〉e1 [γ1|a1〉(δ1|b1〉+ δ2|b2〉)
−γ2|a2〉(δ2|b1〉+ δ1|b2〉)]}
⊗{| ↑〉e2 [α1|R〉a(β1|R〉+ β2|L〉)b + α2|L〉a
(β2|R〉+ β1|L〉)b] + | ↓〉e2 [α1|R〉a(β1|R〉
+β2|L〉)b − α2|L〉a(β2|R〉+ β1|L〉)b]}. (10)
By measuring the two excess electron spins e1 and e2 in
the orthogonal basis {| ↑〉, | ↓〉}, a deterministic spatial-
polarization hyper-CNOT gate can be constructed with
feed-forward operations.
(3) Feed-forward operations
If an auxiliary photon with the initial state |ϕi〉 =
1√
2
(|R〉+ |L〉) is put into an optical microcavity, the state
of the system composed of the photon and the electron
spin after reflection is changed as follows:
1√
2
(|R〉+ |L〉)| ↑〉 → 1√
2
(|R〉+ i|L〉)| ↑〉,
1√
2
(|R〉+ |L〉)| ↓〉 → 1√
2
(|R〉 − i|L〉)| ↓〉. (11)
By detecting the auxiliary photon with the orthogonal
linear polarization basis { 1√
2
(|R〉+i|L〉), 1√
2
(|R〉−i|L〉)},
the excess electron spin in QD can be read out. If the
auxiliary photon is projected on 1√
2
(|R〉+i|L〉), the excess
electron spin is in the state | ↑〉. If the auxiliary photon
is projected on 1√
2
(|R〉− i|L〉), the excess electron spin is
in the state | ↓〉. If we perform an addition sign change
|a2〉 → −|a2〉 on the photon a for | ↓〉e1 in QD1 and an
addition sign change |L〉a → −|L〉a on the photon a for
| ↓〉e2 in QD2, the state of the system composed of the
photons a and b becomes
|Ψab〉c = [γ1|a1〉(δ1|b1〉+ δ2|b2〉) + γ2|a2〉(δ1|b2〉
+δ2|b1〉)]⊗ [α1|R〉a(β1|R〉+ β2|L〉)b
+α2|L〉a(β1|L〉+ β2|R〉)b]. (12)
One can see that there is a bit flip on the spatial mode of
the photon b (the target qubit) when the spatial mode of
the photon a (the control qubit) is |a2〉. Moreover, there
is a bit flip on the polarization of the photon b when the
polarization of the photon a is |L〉a. That is, the outcome
shown in Eq.(12) is the hyper-CNOT gate operating on
the two-photon system on both its polarization and its
spatial-mode DOFs. Moreover, this hyper-CNOT gate
works in a deterministic way in principle.
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FIG. 3: (Color online) Schematic diagram for the preparation
of a two-photon four-qubit cluster state with a hyperentangled
Bell state. HWP2 is used to perform a polarization Hadamard
operation. HWP3 represents a half-wave plate which is used
to perform a polarization phase-flip operation Up = −|R〉〈R|+
|L〉〈L|. BS represents beam splitter (50:50) which is used to
perform a spatial mode Hadamard operation.
III. Preparation of two-photon four-qubit cluster
state
As an application of our hyper-CNOT gate, we dis-
cuss the generation and the complete analysis of two-
photon four-qubit cluster entangled states below. One
can see that these tasks can be accomplished easily and
simply with a hyper-CNOT gate and some linear-optical
elements.
With our hyper-CNOT gate operating on the spatial-
mode and the polarization DOFs of a photon pair in the
initial state 1
2
[(|R〉 + |L〉)a(|a1〉 + |a2〉) ⊗ |R〉b|b1〉], it is,
in principle, easily to prepare the hyperentangled two-
photon four-qubit state
|Φab〉1 = 1
2
(|R〉a|R〉b + |L〉a|L〉b)⊗ (|a1〉|b1〉+ |a2〉|b2〉).
(13)
With linear optical elements, this hyperentangled state
can be transformed into a two-photon four-qubit cluster
state.
As shown in Fig.3, after the Hadamard operations per-
formed on both the polarization (HWP2) and the spatial-
mode (BS) DOFs of the photon a, the hyperentangled
Bell state becomes
|Φab〉2 = 1
4
[(|R〉+ |L〉)a|R〉b + (|R〉 − |L〉)a|L〉b]⊗
[(|a1〉+ |a2〉)|b1〉+ (|a1〉 − |a2〉)|b2〉]. (14)
Then we perform the spatial mode controlled polarization
phase-flip gate (HWP3) on the photon a, and the two-
photon state |Φab〉2 is transformed into |Φab〉3. Here
|Φab〉3 = 1
4
{[(|R〉+ |L〉)|a1〉 − (|R〉 − |L〉)|a2〉]a|R〉b|b1〉
+[(|R〉+ |L〉)|a1〉+ (|R〉 − |L〉)|a2〉]a|R〉b|b2〉
+[(|R〉 − |L〉)|a1〉 − (|R〉+ |L〉)|a2〉]a|L〉b|b1〉
+[(|R〉 − |L〉)|a1〉+ (|R〉+ |L〉)|a2〉]a|L〉b|b2〉}.
(15)
After performing Hadamard operations on both the po-
larization (HWP2) and the spatial-mode (BS) DOFs of
the photon b at last, we get the two-photon four-qubit
cluster state
|Φab〉4 = 1
2
[|a1〉|b1〉(|R〉a|R〉b + |L〉a|L〉b)
−|a2〉|b2〉(|R〉a|R〉b − |L〉a|L〉b)]. (16)
From the process of the preparation of a two-photon
four-qubit cluster state, one can see that this state can
be disentangled to the hyperentangled Bell state |Φab〉1
with some Hadamard operations and a spatial-mode con-
trolled polarization phase-flip gate using linear optical
elements. With a hyper-CNOT gate, the 16 hyperentan-
gled Bell states can be transformed into 16 two-photon
four-qubit product states which can be distinguished sim-
ply with linear optical elements and single-photon de-
tectors. That is, the 16 hyperentangled Bell states can
be analyzed easily with our spatial-polarization hyper-
CNOT gate.
IV. Discussion and Conclusion
The spatial-polarization hyper-CNOT gate is con-
structed with the interaction of circularly polarized pho-
tons and one-side QD-cavity systems. According to
Pauli’s exclusion principle, this optical property is caused
by the different reflection phase shifts of the left and the
right circularly polarized photons. By adjusting the fre-
quencies as ωc = ωX− = ω0, ω−ωc ≈ κ/2 and the cavity
side leakage rate as κs < 1.3κ [29], the relative phase shift
of circularly polarized photons can achieve ∆ϕ = −pi/2.
Young et al [34] investigated the quantum-dot-induced
phase shift experimentally in 2011, and showed that a
QD-induced phase shift of 0.2 rad between an (effec-
tively) empty cavity (Q ∼ 51000, d = 2.5µm) and a cav-
ity with a resonantly coupled QD can be deduced using
a single-photon level probe. The Hadamard operation
and unitary rotation operation of an electron spin can
be completed by single-spin rotations using nanosecond
electron spin resonance microwave pulses [35]. The elec-
tron spin coherence time can be extended to µs using
spin echo techniques [29] to protect the electron spin co-
herence with microwave pulses. The optical coherence
time of an exciton is ten times longer than the cavity
photon lifetime [36], with which the optical dephasing
only reduces the fidelity a few percent. The hole spin
dephasing is dominant in the spin dephasing of X−, and
it can be safely neglected with the hole spin coherence
time three orders longer than the cavity photon lifetime
[37]. The heavy-light hole mixing, which causes optical
selection rule unperfect, could be reduced by engineering
the shape, size and type of charged exciton [29].
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FIG. 4: (Color online) Fidelity and efficiency of spatial-
polarization hyper-CNOT gate vs the coupling strength and
side leakage rate with γ = 0.1κ.
In ideal conditions in which one neglects the cavity side
leakage, the reflection coefficients are |r0(ω)| ∼= 1 and
|rh(ω)| ∼= 1, and the fidelity of our spatial-polarization
hyper-CNOT gate is nearly 100%. Unfortunately, it is
impossible to neglect side leakage from the cavity, this
being a rigorous limitation to the QDCmicropillar cavity
in the experiment, and the fidelity is reduced to F =
|〈ψf |ψ〉|2, where |ψ〉 and |ψf 〉 describe the final states
of an ideal condition and a whole process considering
external reservoirs, respectively. The Faraday rotation
angle is not very sensitive to the side leakage when κs < κ
[26]. Therefore, the fidelity F and the efficiency η of our
spatial-polarization hyper-CNOT gate are
F =
[2(|r0|+ |rh|)2]4
[2(||r0|+ |rh||2 + ||r0| − |rh||2)(|r0|2 + |rh|2)]2
× (|r0|+ |rh|)
4
(|r0|2 + |rh|2)2 ,
η = [
1
2
(|r0|2 + |rh|2)]4. (17)
The fidelity and the efficiency of our spatial-polarization
hyper-CNOT gate are shown in Fig. 4. One can see
that this hyper-CNOT gate work efficiently in a strong
coupling regime (g > (κ + κs)/4). It is challenging to
achieve a strong coupling in QD-cavity systems experi-
mentally. The coupling strength can be improved from
g ∼= 0.5(κ + κs) (the quality factor Q = 8800) [38] to
g ∼= 2.4(κ + κs) (Q ∼ 40000) [39] by engineering the
sample designs, growth and fabrication in d = 1.5µm
micropillar microcavities. If the coupling strength is
g ∼= 0.5(κ + κs), we can get the fidelity and the effi-
ciency as F = 94.3% and η = 48.9% for κs/κ = 0. If the
coupling strength is g ∼= 2.4(κ + κs), we can get the fi-
delity and the efficiency as F = 100% and η = 96.3% for
κs/κ = 0, and F = 94.7% and η = 47.3% for κs/κ = 0.2.
Both the fidelity and the efficiency become high with a
strong coupling strength, but they are reduced by the
side leakage of cavity.
In experiment, the quality factor Q is dominated by the
side leakage and cavity loss rate in a micropillar, while
g is dominated by the trion oscillator strength and the
cavity modal volume. Hu et al [29] pointed out that Q
factor can be reduced by thinning down the top mirror
which can increase κ and keep κs in constant. Therefore,
the coupling strength can be reduced to g ∼= 1.3(κ+ κs)
in a high-Qmicropillar (Q ∼ 18900) with the side leakage
rate set to be κs/κ ∼ 0.2, and the corresponding fidelity
and the efficiency are F = 96% and η = 42.3%. It is
quite demanded for high efficiency operations to observe
a small κs/κ in a strong coupling regime.
In conclusion, the construction of a deterministic
spatial-polarization hyper-CNOT gate can be achieved
with the giant optical Faraday rotation induced by a
single-electron spin in a quantum dot inside a one-side
optical microcavity as a result of cavity quantum electro-
dynamics. In order to obtain the giant optical Faraday
rotation, the frequencies of input photon and cavity mode
should be adjusted to ω−ωc ≈ κ/2, and the side leakage
and the cavity loss rate κs/κ should be controlled as small
as possible. With this hyper-CNOT gate, the prepara-
tion of two-photon four-qubit cluster states is easy, in
principle, and the complete analysis of hyperentangled
Bell states of two-photon systems is simple. We have an-
alyzed the experimental feasibility of this hyper-CNOT
gate, concluding that it can be implemented with cur-
rent technology. This hyper-CNOT gate could give the
powerful capability for quantum computing and quantum
communication.
Certainly, we only discuss the construction of the
spatial-polarization hyper-CNOT gate by exploiting the
nonlinear optical property of one-side quantum dot-
cavity systems. It can be, in principle, constructed with
other systems based on nonlinearity, such as cross-Kerr
media, nitrogen-vacancy centers, wave-guide nanocavity,
and so on. It is possible to construct multi-photon quan-
tum logical gates in the same way, which means a scal-
able quantum computing based on two DOFs of photon
systems is feasible. Moreover, the present hyper-CNOT
gate can be used to create multi-photon hyperentangled
7states in more than one DOF and complete the analysis
on these multi-photon hyperentangled states as well.
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